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(Lo b I 20224, 3% % A g X 78 STk [9] Uk B 7 XZR MO8 | S 4 H ik A
53 BT BTo o FU'E 1 38 2 F[b1, ba, BT ,0) /2 M T BiMorrey S IAIMP! (1) x ME2 (1) ¥Morrey™s
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% FIR R R, AR RN 7 BOR R T B AL T By, 0, fE) X Morrey-
Banach%*[A] M, (X)) b HIH Sk

TESE A ST FZEEE R AT, B 5 i — LR S AT,

E X1.11% BanachZ M X ¢ M(R™)FAR" L IBanachbf 31 25 18] (75 NB), £ X 2
PAF 2% A

(D) Iflx =0+ f=0ae., 2) lgl < Ifl ae. = lgllx < [Iflx,

@B o<ful fae = [fullx TIflx,  (4) xg € M(R"),|E| <oo = xE € X,

(5) xg € M(R"),|E| < 0o = [, |f(x)|dz < Cg| fllx, VfeX,Cp>0.

E X120 5 X Banach i %25 18], 0 X %8 25 [0 N X7, e dh X738 BT A Lebesgue A
Wk frses, HA

[fllx = sup
geX [lgllx <1

A1.3 HXEBE, X8
EX1.4M vz e R" K1 < g < p < oo, Morrey S [0 MP (R")5E LN

MPR™) = {f e L (R : [ fllaz e < oo}, @

f(t)g(t)dt’ < 0. (1)
RTL

st gy =sup B34 ([ 1fay) ", L Lo 0545

FEL519 Mp = gitf, MP(R™) = LP(R™); 2p = ooltf, MP(R™) = L>(R"); 2p < ¢itf,
MP(R™) = 6, OFRER" LHTH S TOMREBLES.

X160 X F{T 5 i Banach 5 3025 18] X, MAE LA

(1) #Hardy-Littlewood fl K ¥ MAEZ M X A S, MFRRAX € M,

(2) #Hardy-Littlewood K51 MAEZ M) X' EA 5, WERHNX e M.

TR, 44T X Morrey-BanachZS ] 1 € Y.

EM1.7 X ZBanachphH 28], FHu(x,r) : R™ x (0,00) — (0, 00)&Lebesgue ] Il 5 %4,
M} X Morrey-Banach 7% [8] M, (X ) & XA

M, (X) = {f € L0 (R : | fllarx) < oo}, 3)
1 1
Horp = o , Hf e M(X).
Il az (x) wes;l,ligo W) HXB(z,r)HX”XB( »fllx, Hf (X)
LT WS

EX1.8 WX EBanachtf B2, Ku(z,r): R™ x (0,00) — (0, 00)s&Lebesgue ] Jll b %4
FAEIEFE RO, 8T HrE e € R™, r > 0. Al & £ 2 LU =A%+

C <wu(z,r), VreR"r>1, (4)

IXBmllx < Cu(z,r), VrxeR"r<l, (5)
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. u(z, 29y i
22(”1)& ( X2l x < Cu(z,r). (6)
X Bl x

j=0
MFru € W (a > 0).
EX1.98 FRHb e LL (X). #

loc

1
bllestoco) = sup / Ib(y) — beldy < C, (7)
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. 1 e
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51#2.3 Fu; € WS, i = 1,2, WAFAEIEFHEC, 13V € R™, 7 > 0F
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X B(2r) Ix |B(, 2r)|
C HXB($72T)||XHXB(I,2’I‘)HX/ U(.’L', T) S CU(IE7 'I").
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a < 2n,i=1,2), Hujus = u. B (8)FTE LI 7 R AR 73 B Bo e IR
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: Ly .
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w1 (% 207 X parinlx, " EEZE
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cre ”fl ||Mu1 (X1) |f2||Mu2(X2){ Z 2(j+1)a1u1(z’ 2j+1T)||XB(z721+lr) ||X1 } X

j=1

o ‘ i 1
2(J+1)a27.l/ Z,2‘7+1r XB(z,2i+17) || X }{ } S
{2t 2 ool {3 s

= mlxxB(z 2010 [ X2

Cr|| fillar,, (xollf2llmu, ) ua (2, ) X B [ x w2 (2, T) X B2 x5 X

(oo}
= 1 bs
= IxBeavin xlIxBe2innlx )

Cr| fillar,, xollf2ll v, ) u(z, P IX B | x0 IXB G T2 X

= 1
{ ; IXB(z,20+10) |32 IXB (22017 | x5 }
ﬁé*ﬁﬁiﬂ%??%ﬁ(ﬁiﬁi[m])

o< (30) (5)

B, Hait(w) X(16)

Dy <C sup [ fillar,, x) 1 f2llar, (x2)

3 a; 3 bj,aj,bj >O,’I" > 1. (17)
<D 4

Jj=1 j=1 j=1

u( Z, ) ||XB(Z 'r‘)HX1||XB (z,7) ||X2

2EX,1>0 u(z,r) IXB(zm)Iy
> cae b < Cllilan, oo 2]
>~ M, (X My, (X2)-
J=1 ||XB(z,21+1r)||X1“XB(z,2j+1r)“X2 1) 2(X2)

FALT DKM, 155
D3 < Cllfillae, (xo)l f2llar,, (x2)-

NTATD,, EHRFE|BL(f5°, £5°)(x)| Ha € B(x,r). HHOlder A5, K (3), 2(6)F15]
22K = ay + ag, 133

|Ba(f1°, f3°)(2)| < C |f1(y1) f2(y2)|

(x\2B)2 [T — y1["m - [z — yo|n T2

T (i) / (o) s <
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i=1

2
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C
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co 2 ;
e B(z, 27| _
OZH(ZJT) * 1||XB(TU¢(Z,2J+17’)||XB(Z,2J+1T)||Xi X
j=1i=1 2,2

1 1
ui(zv 2j+17ﬂ) HXB(Z,QJ“H

I fiXB(z2it1mllx; <

Cr| fullas,, (xollfallar,, (xa) %

oo 2
. . 1
> TT29 0 wi(z, 27 ) X e 2010 <
s i r)HXi
[e'e) 2
cranflnMul(Xl)f2||Mu2<x2>{ 3 (H?Wafui(z,?ﬂ“r)|xB<Z,2j+1 X)} x

j=1 Vi=1

( 1 1 ) <
IXB(z2t1m Ix: [IXBG250 ) 1 x2) —

0o 2
Cro‘Hfl ||]\4ul (x1) Hf2||Mu2 (X2) Z (H 2(]+1)O¢iui(z7 21+1T)|‘XB(Z,2j+1 Xi> X
=1

j=1

1
<
{Z ||XB(Z 2i+1p ||X1 ||XB(Z 2i+1p ||X2} N

C?"allflllMul(Xl)Hf2||Mu2(X2)U1(Z IxBrllx, %

1
(Z 7’)”XB(Z T)IXQ{ Z ||XB( ,20+1 } S

™) ||X1 ||XB(Z 27+1r) ||X2

CT”Hfl||Mu1(X1)Hf2||Mu2(X2) (2, ")lIxBm Ix: XBr Ixs X

(> | }
IXB(z2+1m) 1, IXB(z 20410 x5 )

BE—, EEEXL?, X (15)-3(16)72
u( ) ”XB(z 7)||X1HXB z¢)||X2

Dys<C sup ¢
= b 0 Pl coll2llat, oo u(z,7) IXB(zr Iy

zeX,r>

- IXB(zr vy

) : : < Ol fillag, xo 12l 10y (X2)-
— ||XB(Z,2J+11“)||X1||XB(Z,2J+1T)||X2

754 FidD,, Do, DsFID HIfE T, EHES. 1L EE.

EH3.2 WX, XoRY Banachf 5% 1), KX, € MUM, v € Wg,u; € W, (0 <
o < 2n, 0 =1,2) Huyug = u. RBER(9) FTRE SCHIREAE 2 BRI ST K ZZH T Ba, b, M
TR X, x X, F ullaJYﬁ?%E’J RERT VRS ﬁ(w)%a(m) VB(z,7) € B, u; i & UL F 4 AF

2 Z r
Z(J 4 1)p0na il lxseamnlx Cui(z,7), (18)
HXB(Z 7")||X

NIAFAEIEH $C, ﬁﬁ&ﬁﬁﬁﬁ fIfi € X0 N\ My, (X1)Flfy € Xo (| My, (X2)H
[ Ba,ba,bs (f15 f2)|lar, vy < Cllballallb2ll L f1llaz,, (xi) 12l 1, (x2)-
N T UEBH E BE3.2, T B AL AN R 51 HE (L SCHR[16)).
5I¥E3.3  fnfBanachpR 2= M X € M, A
IXB (2, (0i () = (b)) Bz, Ix < Cllbil[ X B x5 (19)
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||XB(Z,2.i+1r)(bi(-) - (bi)B(z,r))HX/ < C(] + 1)Hbi||*||XB(z,2j+1r)||X’~ (20)
iE WB(z,r) € B. BERMSEN
fi = fil + fi007
Hefl = fixen, f7° = fixx\es,i = 1,2. M HMinkowski N5 A
| Bao (£ ) latvy <l Bavt o (£ D) ar, vy + 1Bt (L 59 g, oy

HBOé,bl,bz(flooaf21)HMu(y) + ||Ba,b17b2(floovf200)||Mu(y) =

E; + Ey + E5 + Ey.
FERATTE, H1||Bab, b, (f1, f2) ||y < Clball b2l fill x 1 f2llxs s waue = u, 3K(3), K(16)H1
%lfizls, 53

1 1 1
Ba,b,b flaflx z,r SC Ba,bAb flafl S
o) Ty et U s lly < O e a0 )l
1 1
101l b2l f1XB(z2m) | x: [ f2X B (2,20 [ X2 <
u(Z,T) ||XB(z,r)||Y B(z2r) ! B(z2r) 2
1 1
Cllb1||«|b2]|« uy(z,2r)||x x, u2(z,2r)||x M, X
|| 1” || 2” U(Z,?“) HXB(Z,T)HY 1( )” B(z,27")|| 1 2( )H B(z,2 )H 2
1 1 1 1

)”X ||f1XB(Z,2’I")||X1 Ug( ||f2XB(z,2r)HX2 <
1

ul(zv2r) ”XB(Z,QT Z’QT) HXB(Z,QT)HX2

Clloal[ o2l 1 f1llaz,, oy 12l a1,y (32 5
X b S A E R 75
E1 < Ollballellbz]lll fillar,, x) 12l a1, (x2)-
AT Ey, BHHEE|Bab, b, (f1, f5°)(2)| Ha € B(z,r), 3%
|Ba,b1,b2(f117f200)(x)| <

C/ |b1($)_bl(yl)Hfl(yl)ldyl/ |b2(x)_b2(y2)||f2(y2)‘dy2
2B X\2B

|z — g2

IA

c / (@) = ba o)1)l

S / |ba () — b2(y2)|| f2(y2)|
B(2,20+ 1 1)\ B(=,297) |z — yo |2~

dys <
j=1

c / b1 (2) — by ()| () [y %
2B

Sty e [ baa) = balue)alue) e <
= B(z,29+1r)
0o ) 2
ey @] [ o) - b))l <
=1 B(z,2it1r)

i=1
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2

e ([ o) = 00 e o)+

i=1 (z,29+1r)

/ , |bi (yi) — (bi)B(z,Qr)“fi(yi)|dyi> =
B(z,2it1r)

E; + E3.
5'65!%151+E2, i Holder 4538, #(3), 2 (18) 5| Hi2.2, 157

2

BL< 0@ e ] (ybx:c) — () pen)| |fi(yi>|dyi) <

i=1 B(z,2i+1r)
2

o B(z,27%1r)|
C 2y —2n+a <bi ) — bz‘ Lo fiX a1 X-|7— <
;( ) E ’ (z) — ( )B( ,2 )||| B(z,2 r)” i ‘lXB(Z,2j+1T)‘|X,‘

0o 2

. 1
CTQZ(J +1)22Uthe H <|b (bi)B(z,Zr)“|fiXB(z,2-7'+1r)||Xi) <

j=1 i=1 ||XB(Z,2j+1T)||Xi

Crll fullar, ol f2llar,, cow(z, TIXBEA 1x: X BER X, %

00 1
b — (b 2,21 b — (b 28T
(‘ 1(®) = (b1)B(2,2 )H 2(z) = (b2) (2.2 )‘> ; IXB(z20+1

I x X B2+ 1,

ﬁﬂ%{aﬁE EEHolderI 1, K (3), A (18), K (20)F1 5] #H2.2, 153
E2 < CZ(QJ'T)’Q”M H (HszB(z,ﬂ*l'r)HXi X B2+ (bi(-) = (bi) B(z.20)) ) <
j=1 i=1

[e%s} 2
CZ(QJ )~ 2n+aH<||fiXB(z,21+1r)HXi(j+1)|bi||*HXB(z,2J'+1r) {) <
j=1 i=1
[eS) 2 j
o ) |B(z,29% )|
C) (20r)-2nte ((]+1) IXB(z,20+1r >
; Zl_[l B(z,2 )||X1HXB(272J+17")HX,i
<0y (74 17200 10 (e, 2720 e,
j=1 i=1
1 1 1
: iXBz2+n) |y T ) <
ui(2,29717) || X Bz 2541 xinXB( o )|Xi XB(272j+1T)’|X7:>

o0

Cr® Z(] + 1)2(j+1)a1 ul(Z, 2j+1T)||XB(z,2j+17-) HX1 ||b1H*||f1||Mul (X) X
j=1

{Z 4 1)20 o2y, (2 >2j+1T)||XB(z,2j+1r)HX2||b2||*||f2||Mu2(X)}X

> 1
> }s
= Ixse2in |l x, IXBe2400 |5,
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Crofba |l il f1llar., o)l fillar,, coyw(z ) Ixse,n Ix X B x: %

1 }
{Z Taeamle Xacamly,

HESFIEL A1+ 15 21
| Baon b (115 £5°)] <Cr“||f1\IMu1<x>||fzIIMu2<X>u(z,r)IIxB(z,@lel X Bzl x5 X
1

Z ||XB 2,20+1 .

7’)”)(1”)(3 22”11“)”)(2

<|b1($) — (b1) B(z2m) | [b2(x) — (b2) Bz ,2m)| + ||b1||*||b2||*>

=25, mA(3), (15)-30(16), Holder NMERM | x (o Iy = IXBG v IXBE lv2, B E
u(z,7) ||XB(z r)||X1||XB(z r)sz
E, <C b b : : X
2 = esup || 1” || 2” ||f1||M'u.1 Xz)Hf2||Mu2(X2 (Z,T‘) ||XB(z,r)HY

,T

= ||XB(z r)HY
N o e
= Ixsenlxlxsenlxs

Clloallllozllell fillar, (x2) 1 f2ll ay (X2) -

FUUFE it
Ez < Olball«llba]l [l f1llar,, x) 12l a1, (x2) -
BJERAGHEL, BT
|Ba,b17b2(flooaf2oo)(x)| <
/ |b1(z) — b1 (y1)|[b2(x) — bl(l/2>||f1(y1)\|f2(y2)|dyldy2
(X\2B)? (lz = y1] + & — o)~
/ |b1(z) — b1 (y1)l[b2(x) — bl(y2)||f1(y1)”f2(y2)|dyldy2
(X\2B)?

|a: — [ o gl

IN

IN
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Estimate for bilinear fractional integral operator and its commutator

on generalized Morrey-Banach spaces
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(College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China)

Abstract: In this paper, the authors mainly discuss the boundedness of bilinear fractional inte-
Under

assumption that the Lebesgue measurable function u satisfies some certain conditions, the anthors prove

gral operator B, and its commutator Ba,s, .5, on generalized Morrey-Banach spaces M, (X).

bilinear fractional integral operator B, is bounded from product spaces My, (X1) X My, (X2) into spaces

M, (Y). Further, the paper also proves that the commutator Ba s, b, generated by b1,b2 € BMO(X)
and B, are bounded from product spaces M, (X1) x My, (X2) into spaces M, (Y'), where uiuz = u.
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