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W E: gLt Hilbert T B b HF 5 AEXAX = BXMRO G AR L FEGH X,
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§1 51 &

FE R FRAE S B0« B IR AR E A 5T 2 M. BN, E L Lyapunov 7 FEAT P +
PA = —QF WT 248w 32N, Riccati 7 F2H Tt bz bRl 75 FEVE MRS 75 72
B, AR 22 B0 B i) /L mT DAYH 25 0 3R B O R AR ) 10 R, it 9 B O R0 T A e S B i) 7
BAREER .

BT HXAX = BXZRiccati/TFEXAX + XC — BX — D = 01— K55 ki5 B 195448,
Aronszajn N M 7 HEXAX = AXAEEAE T AUM(X #£ 0,7 B4 NHE T ATF
TEAEF AR 723 ), FF B 43 thBanach [A] /1 1) 58 42 3% 22 5 7 A7 AR 9B F LA 7 28 ) iX —
Z5 4. 19994F, Holbrook®s NP1 5 T H X AX = AXHE — MR E0Z 5 25 R 1) 78 24 1F
& BT ATE HANAR 7 4% a) 1 BR 1) LA AR . 20034F, 2 B M 6 NO1R) F 5 T AR AN S 7 28
H, 6 THTFHEXAX = AXWENEAGRRIE, FMHEFANAhF RS HE T 5
FEXAX = AX = X AfRAFAEI 7 B4 1E USRI BAR R IR, 20104F, YRR SET R 814y Bk
I3, SRR EF TR X AX = AXAAAEIE FUBR R 78 2256 40 1 TR e, FF3hie 7 k7

Wk H #: 2022-00-29 &[5 H IHA: 2024-08-15
*EAER, Email: hrenly@163.com

R&WH: HxAARFHEES(11961052; 12261065); P51 FAREHE4:(2022MS01005; 2023LHMS01016); K
St FA X R s L AR 55 2% (1Y 20220084; JY20220151)
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FEE 55 2 4. 20164, Mousavil®lit i T Banach S M H 7 HFEXAX = AXEAGEE
PRI SR 25 1. 20184E, H2ERI45E N OIZEC AR B, T 5 R 7R £ 55 FMoore-Penroseifi [
R, AT HfErar = axflzaxr = ax = vad LB FEE LM, A H T ENER—RE K.
20224, A% N0 /e % 1)%;‘%4* <BHUTFIHIBTHTHEXAX = BXAEEMN T 4%
P RIA B2 A afFE* T A < BAAE T 4 M 5 R A7 78 RS RIN 78 40 I BE 4%

KLTEB< AZAE Fit it B T HFEXAX = BXMREIF . 5%, fEeliFB< A%
BT, FIAETFA BRAEF AAZ 7200, A THTFHEXAX = BXGFERFFEH 7T
/\%#ﬁw\%/ﬂﬁ# ZJE X T I TT AR AR AU, IEM A A R TR R B
R, 1Ex- {I?HF“B<AHB7'3E%JL%J¥B’J/M¢F, FAHFFBRAEE Nt 72210, o TH T
JFEXAX = BXFESH FBA &8 M35V R 78 4 &ML B4, HAHE T
FEXAX = BX = XBWAEZMRRIRER .

NTAETRGR, SCHIEA UL RiES: B(H)F R Hilbert 2 MNP HIFTA A AL EH T%ES
F5 A5 N(A), R(A) IR (A) 7 58 RH 7 AR AR, Z 25 18], (AR P, TRRS IEUHJ:
MESES T TR M ERES ST Py R M BRI IERS S H T BN RS 71
NAEEH T

NI H A ST 3 S A 5 5] B

ENX1.1 WA € B(H), MZHFI AL T2 0. #Hr e M, Az € M, BIAM C M,
T R M A AR — AN AR T35 8], 25 MAS ST HA{0}, WM R AR — A HEF FLARAE 145 ).
FTAM C M, HAM* C M+, WFRM 2 A 294k 725 14].

EN1.2 WA, B e B(H), EWRAA* — BA*, A*A — A*B, Wit/EA < B, FR<RB(H) |-
151

ENX1.3 WA BecB(H). #ABA= A, BAB = B, (AB)* = AB, (BA)* = BA, W Bk
N AR IMoore-Penroseili. AffJMoore-Penrosel#iic NAT, ¥52, B = AT, HANATFAE 2 HAL
MR(A)FE .

31381.1 M %A, B € B(H), FHZEEM.

(1) AA* = BA* & A = BPo—

R(A*)
(2) A*A= A*B & A= PgpB,
(3) ASB & A= BPrrs = PopB = PregBPrs & A= 4,©0,B = A, @ B, %

1A, € B(R(A*), R(A))ANHHE, By € BN (A),N(A%)).
51 381.2 "2 (Putnam-Fugledes& #) A, B € B(H)RIE# H 7. HHFHEX € B(H),
ffAX = XB, WHA*X = XB*.
5131.303 WA B,C,D € B(H), {1 A, BEHWIESL, BAH T4
AX=C, XB=D
AR B2
AAYC =C,DBTB=D,AD = CB.

I 7 FRA R BT RN NX = ATC + (I — ATA)DBT + (I — ATA)Y(I — BB"), }
HY € B(H)ZAERHET.
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§2 B < AN ETHEXAX = BXHIfi

A it aeB;Aw;%t%ﬁﬁXAx _ BXB‘JEZ;’: E@*ﬁﬁ‘ﬁ WL VE 75 BB < AR, B =
mefp AHX = omﬁkiﬂmﬁbﬂfﬁﬁﬁﬁp X = 0fX = PR(B NB < AMEFHEXAX =
BX K FLA#E.

EIE2.1 4 A, B € B(H), HB <A WBRETFARBEA AT AR T4 0 s
FR(B), MAFTIFEXAX = BXAEAEAET FLAR.

E R TFAGE AN EFE AT ERMESRM S R(B), 2Py M 1M IEL#
WET, BRPy £ 0, APy # P =Gy B APuAPy = APMHP AP = APy
B < ARIB = PrpA. TREA

Pa APy = APy = Py
XERWEPyRAHTHEXAX = BXKH—METF L.
MREFBHE—ANETFARLEFEEMERM S R(B), WAPyBPy = BPy. W
1M Pas PrgyAPy = BPar. T
Put Pry APy Pry = BPMPR(B),
X R Py Py BT T FEXAX = BXI— M. M & R(B)MIPy Py # Presy:
WPy Prpr R B T RX AX = BXH— T I, /ul«bfﬂ‘lﬁ

&2.1 EEI2.1H, KA RAE RN T M ERIEZ B T Py # Prgy, MTH R
BT TREX AX = BX iR A1 L.

A T B2 ) S AR 2, MR(B) # HIN Py RITEXAX = BXIN#, 2R(B) =
HIFA = B, N TR ITHEXAX = BX[1If#. ?ETﬁ@JTﬁém

Fi2.2 4A, BeBH), AB<A MABETFHEXAX = BXTAEIEER.

FH2.3 WA BeBH), B<A WMEHTHRXAX = BXGEAT R, 48T B
FEAESF AR 5[],

iE 4 Xo € BH)RETFHEXAX = BXH—ANEFUR, WA

APy = BPu,

XoAX, = BX,. (2.1)

FR(Xo) # M, M (2.1)%, R(Xo)ZH 7 BRIAEE LA 145 4]
#R(Xo) = M, WR(B) # M. B%LE, #R(B) = H, WPe; = 1. HAWBLA,
$IB = PsrmA = A, XPEXBX, = BXy, H(XoB — B)X, = 0, \Ti(Xo — I)B = 0.

R(B)

HR(B) = HA LM EIX) = [ = Prgy, B5XoRATAMFE. SLEREIR(B) # 0, T
ER(B) R T BRI AT AR AS 75 ).

g5 LAk, SR

2.4 WA Be BH), B<A. WHRET ARG, 8 TBIHET LA T4 7 &
A& TR(B), H R(B) = R(B*), IBAHTHREXAX = BXHIAEF FURRIAREN

E={X|X=1I547+T+S5},




EHMRE. BRI FAHENAX = BXW TR LMEE 467

HAMZEBHHET AL T 200, M = My ® BM,T € B(My,M),S € B(M*, M).
IE R EH2 M E T AEXAX = BXEIEAET U, A3 Xo. HXoAXy = BXoH]

RIR(Xo)2H FBI AL T 2. #HR(Xo) = H, W(Xo — Prp)A = 0. EEIFFARSE

BB, BIR(A) = H, REEHNXo = Prgy, X5XoM AT LT &, #R(Xo) # H,

AR(Ko) R AT BT AAET 420, LR 5T B AP UR A T30 0 & ER(B),

R(B) = R(B)MB<A, T#

BX, = APgXo = AXo. (2.2)

ASM =R(Xo), WWH=BM o M, ® M*, 3 M = BM @ M;. & X
T = Xo|m,, S = Xolae,
WHT € B(My, M), S € B(M*+,M). HX,AXo = BXoH(2.2) 81 XoBXo = BXo, I\ Xo| 577 =
Igr S PR E Xy = Ig5; + T+ S € E.
THRBUEE = {X | X = Izzp + T+ ST MAESEXHRE T HTEXAX = BXIEF
N, Hrb M2 BRI HEF MAE 258, M = My @ BM, T € B(M, M), S € B(M*,M). 1t
WXy € E, IBATEH = BM & My & M=, Xo AR

I Tn S BM BM
Xy = 0 Tp S : M,y - M, ) (23)
0 0 0 M+ M+

M2 BAEF AT 210, AT BHE MR A
By1 Bz B BM BM
B = 0 0 Bz |: M, — M,y ) (2.4)
0 0 B33 Mt Mt
SRR R X

Bi1 B11Ty + BTy B11S1 + B12Ss BM BM
X()BXO = BX(] = 0 0 0 : Ml - Ml .

0 0 0 M+ M+

i £ XoBXy = BXoAI FIR(Xo) &5 TFBIAZ 7250, EREIIX M HEMEEA(2.3), T
ER(Xo) € M & R(B) = R(B*), i BXo = APppmXo = AXo. PIMXoAXe = BXo,
B Xo 2B FHFEX AX = BXHIAEF MR

LRLPR, B ={X | X = Igz + T+ SHeH TR XAX = BX AR FUE BT s e de.

FI2.5 WA B e B(H), B<A WRETARGRER, 87 BT LA T4 5
T TR(B), HR(B) = R(B*), BAHTITFEXAX = BX AP LI IERAR RSN
F={X|X=IgzoT®0,TT* =T*T},
HrpMEBWHEF NAZE T 2500, M = My ® BM, T € B(M;, M).
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IE BB AR LR AR T A 0 B AL TR(B), WIAR 4 8 #2100 W AT A, By
FEXAX = BXFAEARF LRI IEMR. F i e B2 40E 5, S X AX = BX XA
T BRIFERETE 200008 (2.3) F1(2.4).

HXoRHTHEXAX = BXWIEME, BIXo X = X5 X0, H

[+TT; + 5.8 TiTS + 5155 0
XoXy = ToI7 + 5257 ToT5 + 5255 0 ) ;
0 0 0
1 Ty S
XiXo = | T TIT 4 TSTy ﬁ&+w&),
St ST+ SiTy  SESy+ SiSs

ﬁlesl :SQZO,T;TQZTQT;. /Q"\T:TQ, )H\IJX(): BM@T@OGF
SOd R, B Xy € F, WIfEH = BM © M; & M-IIZ 0 ET, XoB R

0 BM BM
Xy = ( 0 )Z ( My )H( My ), (25)
0 M+ M+

HorpTT* = T*T. VERFIBRFHREE(2.4) HBX ) = APg 5

o O M~
o N o

X0 = AXo. 4

Bi1 BT 0 Bi1 BT 0
XoAXo = 0 0 0 |, BXyg= 0 0 o1,
0 0 0 0 0 0

BARXWEH T HEXAX = BX, HXo Xt = X¢Xo. #MMXoRH T HEXAX = BXIAET
JLEIE R,

GELRTR, F = {X|X = Iz ® T @0, TT* = T*T} &H T HFEXAX = BXHIAEF LK IE
TR I AL P A .

FAUTF e B2 5HAE B, BT LA S P FEX AX = BXIAEF LI E HEAR I i X

FH2.6 WA B e B(H), B<A WRETARLABEE, 87 BT LA T % 0 1
BETR(B), HR(B) = R(B*), AR TIIHEXAX = BXAEF LI E FEMRI S

G={X|X=Iz72T®0, T =T},

HrpMEBAEF NAE T 2500, M = My ® BM, T € B(M;y, M).

EHE2.7 WA B € B(H), HB<A WHEET HEXAX = BXHRXHER(X) C
R(B*), MAHFHEXAX = BXMEAMREBRFE FHEXAX = AXHE, #t—5, EH
T AFEHAAS 7[R BRI B A BE IR, A5 T IT X AX = BX P2 55 1.

i HB<AKIB — APpey, WA XAX = BX = APppX. XHR(X) C R(B*)
FIXAX = AX. 1& &, ﬁ?m“ﬁﬂ%% IEﬂEﬁEE%UEmﬁﬁﬂz W (X —1)AX =0, fE13
F(X -1)X BEX? =X, XUHE FIREXAX = BX ISR,
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EI2.8 LA BeBH), B<A HR(A)M. MEETHEXAX = BXIEHER(A) =
R(AX), AT ITFEXAX = BX[RIXAMERE T IR X A = BIIfiE.

iE HB< AU ER(A)AIB = BATA. TH/RXAX = BX = BATAX, I
(X — BAT)AX =0.
HEEFIR(A) = R(AX), TH/R(X —BAY)A=0, lIHXA = B, &5
NHREH TS T X AX = BXWIRS &S 77 R4 g2 8 i &,

EIB2.9 WA, B B(H), B A HAENTOMNTHRAAX = C,XC = PrpC%E
I M EXy, B AX R H T EXAX = BXI— MR RZ, HXoRETHEXAX =
BXH)— AN, AAFAET TOME T I RAAX) = C, X0 = PrgOlaL. #—0, HHF
TA, CEAHES, 4

Xo=ATC(I = CCY) + P COT + (I = ATA)Y (I - CCT),

HHy € B(H)RITEET.

IE HXRHETHRAAX = C, XC = PrgCH— MR, PB2AXo = C, XoC =

=B (Al 1k

XgAXy = XoC' = Pr;C = PrrgyAXo = BX,, (2.6)

(B)

X0 HTHRXAX = BXHIfE. )2, BXo@FHTFHEXAX = BXH—/ME, Bl XoAX, =
BX,. AC = AXy, W

XoC = XoAXo = BXo = PrpyAXo = PripC,s
ERRE X R TITRIAX = O, XC = PO — M. SR FTLVE AP 50 = €2, X

FEXMR(A), R(C)HIR, H51HE1.35]

Xo = ATC+(I-ATA)PrCCT + (I - ATA)Y (I - CCT)
= ATC+ PgpCCT — ATC2CH + (I - ATA)Y (I - CCT)
= ATC(I - CCT) + Py 00T + (I - ATA)Y (I - CCY),

Hy € B(H)RIEEHT.

§3 B< AN THEXAX — BX — X BIIf#

FHEEUB< ARBRIEMETHET TR XAX = BX = XBIfR. EEF4BE
FEHEFM, B= B0, X B<A, WA = B, @ Ay, 3141B, € BR(B),R(B)), As €
B(N(B),N(B)). M4 PrpyAPrgy = BPR(B) = PrB, WX = Pop RETHEXAX =
BX = XB [ff. X = 0MX = Prkt B < AHBNIEME FHETHE XAX = BX =
XB U, KRG EIER, ABARIEMA TN, Pogy A ERH FIEXAX = BX =
X BHIfi.

EI3.1 WA, B e B(H), B<A, HBRFEMET. WRHTFARBHARAS TR(B)W
AP AT 25008, AR T HFEXAX = BX = X BAFAEAEF U#E.
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E BREETARE AP LAR T ERMAERM G R(B), 4Py WM LR IELREHE
T, WA Py A= APy = Py APy, HPy #0,Py # P R(B) XEEB<A i A

APy = P——APy; = BP),. (3.1)

R(B)

EH = M © My ® R(B) INEAME T, XHR(B) = My @ M, Py, Py AHEFRER

I 00 M M
Py = |00 0 My | = | Moo,
00 0 R(B)* R(B)*
I 00 M M
Per = [0 1 0 M, — M
00 0 R(B)*+ R(B)*
Lt 5P Py = PrggyPar = Par, WH
PyA = Py PrgyA = PuB. (32)

XFEH(3.1)R1(3.2) W3 Py APy = BPyr = Py B, XKW Py H T X AX = BX = XBIf
— AN B L.

RS T BAE— AN AP LA TR MERM S R(B), 4Py AM ERIESREHET,
W PyB = BPy = PyBPy, BHPy # 0, Py # P, R(B)" EKAF B AUER, AT 3Py P R(B) —
PrgyPu = Pur. NHB = Py AT%HPMBPM PPy APy = Py APy, XEE

Py APy = BPy = PMB

XEHPyR—ETHEXAX = BX = X B — N EF LR, 4518154,

EH3.2 WA B € B(H), B<A, BREMMET. WETFHEMEZ —WIw, 8T
FEXAX = BX = X BT R

(i) BARFKIETF; (i) dimH > 3, ABRKIFE T (iii) dimH =2, HB = ARKIHT.

HdimH = 2, BREKIE T, HB # A, XAX = BX = XBRE TV JUf#E.

iE (1) ¥BARIE T, R(B)Z&BRIZLT 28, i HBIER(B)_E PR i 2 5 140
e, T — @G Lt 7250, TR R YE #3145 or.

(i) HdimH > 3, HBRKIFE T, N(B) > 2, TRMMEEIEZEr € N(B), My €
N(B), #f3(Az,y) =0, MAKIHEFX =2yl L XAX =0= BX = zB.

(iii) MdimH = 2, HB = ARFKIETH, Py(p 2 iR X AX = BX = X BIUAET JLA#.

HEMdimH = 2, BRKIFE T, HB # AR, ATEN (B) LR EZIEZF M, Nz w
Bay, Wrasr =0 Az =0, N XAX = BX = XBRA VMR, 45875HE.

B3 AH, B IEME T XA FM, ¥ B E 90 R B, MR 5
WERH, FTLMS B R4 iR,

FH3.3 WA B e B(H), B<A MPETARBEAEAETR(B)MAET LK T 500,
ML THEXAX = BX = X BIEEIRZMRE.
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FIE3.4 WA, BeBH), B<A ABREMET. MBHTHEXAX = BX = X BIE
AeFfE, 4T NIfRE A
W={X|X=0Q+7T,Q>=Q,QB = BQ,AQ = QA = 0,TAT =0},
HAT = Pyp)TPyn(n), A= Pyvip)APy(p), T € B(H) AT EH T
iE HBRIEMBETHMN(B) = N(B*). TRMRESIFL.1, H7B, AFHMER

(B0, (RB _(®B
b= (0 0)‘(/\/(3)) <N(B)>’ (3:3)
0 A |\ NB) N(B) )’ '
Hrh By 2B

42Xy € BH)RETIEXAX = BX = XBif— M AEEM. H1BX, = XoBFPutnam-
Fugledes& #, IR (B) & XML T2, A4 Xo H AR

v (V) (50)- ()
0 X N(B) N(B)
FREX | B1X, = B1X; = X1B1, X24:X, = 0. FINBUEHE, FiLlX2 = X;. 4Q = X; &0,
T =0® Xo, BAQ? = Q,BQ = QB, HAQ = QA = 0, TAT = 0, T = Py TPy (p),
A= PN(B)APN(B)- Ft X, =Q + TeWw.
THIEW = {X|X =Q+T,Q> = Q.QB = BQ, AQ = QA = 0, TAT = 0} [I{F
BXHRHETHEXAX = BX = XBIAEEM. HBX, e W, HXo = Q+ T, IRHEBQ = QB,

B IEME T LA Putnam-Fuglede € #, ¥1R(B)= QML 17318, WH 7 QFH ML R

0 - Q10.@_>TB)
a 0 Q ) \ NB) N(B) )

SEEHETT € B(H) AR
ro_ (DB (B) \ _, [ R(B)
. Tn ) \ N(B) N(B) )’
B - (Q 0 00\ (& 0
Xo _Q+T_<0 Q2>+<0 T2>_<0 Q2+T2>.

WHQ? = Q,QB = BQ,AQ = QA = 0, TAT = 0VA K5 T B, Aff14E M % .(3.3) #1(3.4),
HQ?=Q1, Q3 = Qa, B1Q1 = Q1 By, A2Qs = Q2 Ay = 0, To ATy = 0. T RAHH T3

XoAX, = <Q13;1Q1 8>:<310Q1 8>’

B B
BX, — 1@1 0 . XoB = @Q1B; 0 .
0 0 0 0

BIRX0AX) = BXy = XoB, 45015

A

)
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Solvability of the nonlinear operator equation XAX = BX and its
solution set
WU Jing-song, WANG Hua
(College of Sciences, Inner Mongolia University of Technology, Hohhot 010051, China)

Abstract: In this paper, the solvability of the operator equation X AX = BX and its
solution set are discussed in Hilbert space. Firstly, sufficient conditions and necessary conditions
are presented for the existence of nontrivial solutions to the equation XAX = BX under
B % A, and then solution set forms are obtained for nontrivial, normal and self-adjoint solutions,
respectively. Secondly, sufficient conditions and necessary conditions are given for the existence
of nontrivial solutions to the operator equation XAX = BX = XB when B;A and B is
normal. Moreover, the solution set of the equation is also given.
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