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加双权的双k-正则函数的Cauchy积分公式
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摘 要: 该文首先给出了Clifford分析中加双权的双k-正则函数的定义, 其次给出了加
双权的双k-正则函数的核函数并研究了它的性质, 然后证明了加双权的双k-正则函数
的Cauchy-Pompeiu公式、Cauchy积分公式、Cauchy积分定理和平均值定理.
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§1 引 言

Clifford代数[1]具有可结合不可交换的代数结构, 它起源于20世纪初的几何代数, 并在物理
上有许多应用, 例如流体力学、量子力学和弹性力学等.

Clifford分析是上世纪70年代兴起的一个活跃的数学分支, 它是现代理论数学的核心
工具之一, 也是复分析的重要推广. Cauchy积分公式是Clifford分析中的重要公式之一, 是
研究Plemelj公式、边值问题和T算子性质等问题的基础, 因此研究加双权的双k-正则函数
的Cauchy积分公式具有一定的理论和应用价值.

许多专家和学者做了大量的工作, 1976年, Brackx等人[2]引入了实四元数的k-正则函数并
给出了它的Cauchy积分公式. 1982年, Brackx等人[3]建立了Clifford分析的理论基础. 2002年,
Malonek等人[4]给出了加α-权的Dirac算子. 2006年, 黄沙等人[5]研究了Clifford分析中正则函
数的性质和边值问题. 2008年, 王海燕[6]给出了双正则函数的Cauchy积分公式. 2010年, 李小
伶等人[7]给出了k-正则函数的Cauchy积分公式及Plemelj公式. 2012年, 乔玉英等人[8]给出了

双k-正则函数的Cauchy积分公式. 2017年, Garćıa等人[9]给出了次正则函数的Cauchy积分公
式. 2018年, 杨贺菊等人[10]给出了加α-权的k-正则函数的Cauchy积分公式. 2020年, Dinh等
人[11-12]讨论了Weinstein k-正则函数的积分表示和广义(ki)正则函数的Cauchy表达式; Blaya等
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人[13]给出了多次正则函数的Cauchy积分公式. 2022年, Peláez等人[14]给出了高阶Dirac方程解
的积分表示.

在以上工作的基础上, 本文主要研究了加双权的双k-正则函数的核函数的性质, 以及加双
权的双k-正则函数的Cauchy-Pompeiu公式、Cauchy积分公式、Cauchy积分定理和平均值定理,
推广了文献[10]的结果.

§2 预备知识
设A是以e0, e1, e2, · · · , en; e1e2, · · · , en−1en; e1e2 · · · en为基的2n维Clifford代数. e2

i = −1
(i = 1, 2, · · · , n), eiej + ejei = −2δij(i, j = 1, · · · , n), δij是Kronecker符号. A中任一元素都可表
示为a =

∑
A

aAeA, 其中A = φ或者A = {α1, α2, · · · , αh} ⊂ {1, 2, · · · , n}(1 ≤ α1 < α2 < · · · <

αh ≤ n, aA ∈ R), eA = eα1eα2 · · · eαh
. 称x =

n∑
i=1

xiei(xi ∈ R, i = 1, 2, · · · , n)为Rn中的向量,

且有|x|2 = −x2, x−1 = − x

|x|2 (x 6= 0).

设Ω1 × Ω2 ⊂ Rn ×Rm是非空连通开集. 记Ω∗
1 × Ω∗

2 = {(u, v)|u + x ∈ Ω1, x ∈ Ω1; v + y ∈
Ω2, y ∈ Ω2}. 函数f(x, y) : Ω1×Ω2 → A可表示为f(x, y) =

∑
A

fA(x, y)eA, 其中fA(x, y)是实值函

数. 函数f(x, y)在Ω1 × Ω2上是连续的是指f(x, y)的每个分量在Ω1 × Ω2上是连续的.

令F
(r)
Ω1×Ω2

= {f |f : Ω1 × Ω2 → A, f(x, y) =
∑
A

fA(x, y)eA, 其中fA(x, y)在Ω1 × Ω2上是r次

连续可微的, r ∈ N, N是正整数集}.
对于任意的f ∈ F

(1)
Ω1×Ω2

, 定义加α-权和加β-权的Dirac算子为
Dα

x f(x, y) = |x|−αx(Dxf(x, y)), f(x, y)Dβ
y = (f(x, y)Dy)y|y|−β ,

其中Dxf(x, y) =
n∑

j=1

ej
∂f(x, y)

∂xj
, f(x, y)Dy =

n∑

j=1

∂f(x, y)
∂yj

ej , α, β ∈ R\{0}.

在本文中, 设Ω为Rn中的非空连通开集.

定定定义义义2.1[5] 若f ∈ F
(1)
Ω 且在Ω中满足Df(x) = 0

(
f(x)D = 0

)
, 则称f为Ω中的左(右)正则函

数, 通常称左正则函数为正则函数.

定定定义义义2.2[6] 若f(x, y) ∈ F
(1)
Ω1×Ω2

且满足

{
Dxf(x, y) = 0,

f(x, y)Dy = 0,
则称f(x, y)为Ω1 × Ω2中的双正

则函数.

定定定义义义2.3[10] 若f ∈ F
(k)
Ω 且在Ω中满足(Dα)kf(x) = 0

(
f(x)(Dα)k = 0

)
, 其中k ∈ N, 则

称f为Ω中的加α-权的左(右)k-正则函数, 通常称加α-权的左k-正则函数为加α-权的k-正则函数.

定定定义义义2.4 若f(x, y) ∈ F
(k)
Ω1×Ω2

且对任意(x, y) ∈ Ω1 × Ω2, 满足

{
(Dα

x )kf(x, y) = 0,

f(x, y)(Dβ
y )k = 0,

则

称f为Ω1 × Ω2中的加双权的双k-正则函数.

引引引理理理2.1[5] 若f, g ∈ F
(1)
Ω , 则

D(f(x)g(x)) = (Df(x))g(x) +

n∑
j=1

ejf(x)
∂g(x)

∂xj
,

(f(x)g(x))D =

n∑
j=1

∂f(x)

∂xj
g(x)ej + f(x)(g(x)D).
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引引引理理理2.2[5] 设Γ是满足Γ ⊂ Ω的任意n维链, f, g ∈ F
(k)
Ω , k ≥ 1, 则∫

∂Γ

f(x)dσxg(x) =
∫

Γ

[(f(x)D)g(x) + f(x)(Dg(x))]dxn,

其中dx̂i = dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxn, i = 1, 2, · · · , n, dσx =
n∑

i=1

(−1)i−1eidx̂i, dxn =

dx1 ∧ · · · ∧ dxn.

本文中, 令Hi,j(x, y) =
AiBj

|x|n−iα|y|m−jβ
, Ai =

(−1)i−1

ωnαi−1(i− 1)!
, Bj =

(−1)j−1

ωmβj−1(j − 1)!
, i, j ≥

1, i, j ∈ N, α, β ∈ R\{0}, ωn和ωm分别是Rn和Rm中单位球的表面积.

引引引理理理2.3[10] 当k > 1时, 则
Dx(Hk,k(x, y)|x|−αx) = (Hk,k(x, y)(x)|x|−αx)Dx = Hk−1,k(x, y).

引引引理理理2.4[10] 若f(x) ∈ F
(r)

Ω
, r ≥ k, 则对于任意的x0 ∈ Ω , (Dα

x )if(x + x0)在Ω∗上是有界的,
其中0 < α < 1

k .

引引引理理理2.5[10] 若f ∈ F
(k)
Ω 为Ω中的正则函数, 则

(Dα)k(|x|kαf(x)) = (−1)kk!αkf(x).

命命命题题题2.1 若f(x, y) ∈ F
(i+j)
Ω1×Ω2

为Ω1×Ω2中的双正则函数, 其中i, j ∈ N, 则对于任意(x, y) ∈
Ω1 × Ω2, 有

(Dα
x )i(|x|iαf(x, y)|y|jβ)(Dβ

y )j = (−1)i+ji!j!αiβjf(x, y).

证 由引理2.1和引理2.5可得(Dα
x )i(|x|iαf(x, y)|y|jβ) = (−1)ii!αif(x, y)|y|jβ ,

(Dα
x )i(|x|iαf(x, y)|y|jβ)Dβ

y = (−1)ii!αi(f(x, y)|y|jβ)Dβ
y =

(−1)ii!αi[ m∑

k=1

∂f(x, y)

∂yk
|y|jβek + f(x, y)(|y|jβDy)

]|y|−βy =

(−1)i+1i!jαiβf(x, y)|y|(j−1)β ,

(Dα
x )i(|x|iαf(x, y)|y|jβ)(Dβ

y )2 = (−1)i+1i!jαiβ(f(x, y)|y|(j−1)β)Dβ
y =

(−1)i+1i!jαiβ
[ m∑

k=1

∂f(x, y)

∂yk
|y|(j−1)βek + f(x, y)(|y|(j−1)βDy)

]|y|−βy =

(−1)i+2i!j(j − 1)αiβ2f(x, y)|y|(j−2)β ,

· · · ,

故(Dα
x )i(|x|iαf(x, y)|y|jβ)(Dβ

y )j = (−1)i+ji!j!αiβjf(x, y).

引引引理理理2.6[10] 若f ∈ F
(k)
Ω 是Ω中正则函数, 则|x|(k−j)αf是Ω中加α-权的k-正则函数, 其中j ≤

k, k, j ∈ N.

命命命题题题2.2 若f(x, y)是Ω1×Ω2中双正则函数, 则|x|(k−i)αf(x, y)|y|(k−j)β是Ω1×Ω2中加双权

的双k-正则函数, 其中1 ≤ i, j ≤ k.

证 由命题2.1和引理2.6可得, (Dα
x )k(|x|(k−i)αf(x, y)|y|(k−j)β) = 0, 因此只需证明

(|x|(k−i)αf(x, y)|y|(k−j)β)(Dβ
y )k = 0.

因为
(|x|(k−i)αf(x, y)|y|(k−j)β)(Dβ

y )k = (|x|(k−i)αf(x, y)|y|(k−j)β(Dβ
y )k−j)(Dβ

y )j =

[(−1)k−j(k − j)!βk−j |x|(k−i)αf(x, y)](Dβ
y )j =

[(−1)k−j(k − j)!βk−j |x|(k−i)αf(x, y)Dy]|y|−βy(Dβ
y )j−1 = 0.

所以|x|(k−i)αf(x, y)|y|(k−j)β是一个加双权的双k-正则函数.
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引引引理理理2.7[10] Hk(x)|x|−jαx为Ω中加α-权的k-正则函数, 其中j ≤ k, k, j ∈ N.

引引引理理理2.8[10](Cauchy-Pompeiu公式) 若f ∈ F
(k)

Ω
, r ≥ k, n ≥ k, 0 < α <

1
k

, 则对任意x0 ∈
Ω都有

f(x0) =

k∑
j=1

(−1)j

∫

∂Ω∗
Hj(x)|x|−αxdσx((Dα)j−1f(x + x0))−

(−1)k

∫

Ω∗
Hk(x)((Dα)kf(x + x0))dx.

引引引理理理2.9[10](Cauchy定理) 若f ∈ F
(k)

Ω
, r ≥ k, n ≥ k, 0 < α <

1
k

, f(x + x0)为Ω∗中加α-权

的k-正则函数, 则有
k∑

j=1

(−1)j

∫

∂Ω∗
Hj(x)|x|−αxdσx((Dα)j−1f(x + x0)) =





f(x0), x0 ∈ Ω ;

0, x0 ∈ Rn\Ω .

§3 加双权的双k-正则函数的核函数的一些性质

定定定理理理3.1 当i, j > 1时, 有

Dx(x|x|−αHi,j(x, y)|y|−βy)Dy = Hi−1,j−1(x, y).

证 由引理2.3可得

Dx(x|x|−αHi,j(x, y)|y|−βy) = [Dx(x|x|−αHi,j(x, y))]|y|−βy = Hi−1,j(x, y)|y|−βy,

Dx(x|x|−αHi,j(x, y)|y|−βy)Dy = (Hi−1,j(x, y)|y|−βy)Dy = Hi−1,j−1(x, y).

注 当i = 1(j = 1), x|x|−αHi,j(x, y)|y|−βy是Ω1 × Ω2中的关于x(y)的左(右)的正则函数;
当i = j = 1时, x|x|−αHi,j(x, y)|y|−βy是Ω1 × Ω2中双正则函数.

定定定理理理3.2 x|x|−iαHk,k(x, y)|y|−jβy是Ω1 × Ω2中加双权的双k-正则函数, 其中1 ≤ i, j ≤ k.

证

x|x|−iαHk,k(x, y)|y|−jβy =
Ak

A1
|x|(k−i)α(x|x|−αH1,1(x, y)|y|−βy)|y|(k−j)β Bk

B1
.

由定理3.1可知
x|x|−αH1,1(x, y)|y|−βy

是Ω1 × Ω2中双正则函数, 再由命题2.2可得
x|x|−iαHk,k(x, y)|y|−jβy

是Ω1 × Ω2中加双权的双k-正则函数, 其中1 ≤ i, j ≤ k.

定定定理理理3.3 若f(x, y) ∈ F
(r)

Ω1×Ω2
, r ≥ i + j, 0 < α <

1
k1

, 0 < β <
1
k2

, 0 ≤ i ≤ k1, 0 ≤ j ≤ k2,

则对任意的(x, y) ∈ Ω1 × Ω2, (Dα
x )if(u + x, v + y)(Dβ

y )j在Ω∗
1 × Ω∗

2是有界的.

证 当i = 0(j = 0), 应用引理2.4, 可以得到这个结论.
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若i, j > 0, 令
f1(x, y) =Dxf(u + x, v + y);

f2(x, y) =αf1(x, y) + Dx(xf1(x, y));

f3(x, y) =2αf2(x, y) + Dx(xf2(x, y));

· · · ;

fi(x, y) =(i− 1)αfi−1(x, y) + Dx(xfi−1(x, y));

fi+1(x, y) =fi(x, y)Dy;

fi+2(x, y) =βfi+1(x, y) + (fi+1(x, y)y)Dy;

· · · ;

fi+j(x, y) =(j − 1)βfi+j−1(x, y) + (fi+j−1(x, y)y)Dy.

显然f1(x, y), f2(x, y), · · · , fi+j(x, y)在Ω∗
1 × Ω∗

2是有界的. 根据文献[10]可得
(Dα

x )if(u + x, v + y) = |x|−iαxfi(x, y).
(Dα

x )if(u + x, v + y)Dβ
y = |x|−iαx(fi(x, y)Dy|y|−βy) = |x|−iαxfi+1(x, y)|y|−βy;

(Dα
x )if(u + x, v + y)(Dβ

y )2 = |x|−iαx(fi+1(x, y)|y|−βy)Dy|y|−βy =

|x|−iαx[fi+1(x, y)y(|y|−βDy) + |y|−β(fi+1(x, y)y)Dy]|y|−βy =

|x|−iαxfi+2(x, y)|y|−2βy;

· · · ;

(Dα
x )if(u + x, v + y)(Dβ

y )j = |x|−iαx(fi+j−1(x, y)|y|−(j−1)βy)Dy|y|−βy =

|x|−iαx[fi+j−1(x, y)y(|y|−(j−1)βDy) + |y|−(j−1)β(fi+j−1(x, y)y)Dy]|y|−βy =

|x|−iαxfi+j(x, y)|y|−jβy.

因为0 < α <
1
k1

, 0 < β <
1
k2

, 因此iα < 1且jβ < 1, 则对于任意的(x, y) ∈ Ω1 × Ω2, 都

有(Dα
x )if(u + x, v + y)(Dβ

y )j在Ω∗
1 × Ω∗

2上是有界的.

§4 加双权的双k-正则函数的Cauchy积分公式

定定定理理理4.1 (Cauchy-Pompeiu公式) 若f(x, y) ∈ F
(r)

Ω1×Ω2
, 其中r ≥ k1 + k2, n ≥ k1,m ≥ k2,

0 < α <
1
k1

, 0 < β <
1
k2

, 则对于任意(x, y) ∈ Ω1 × Ω2, 都有

f(x, y) =

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv−

k1∑
i=1

(−1)i+k2

∫

∂Ω∗1×Ω∗2
|u|−αuHi,k2(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )k2

)
dv−

k2∑
j=1

(−1)j+k1

∫

Ω∗1×∂Ω∗2
Hk1,j(u, v)du

(
(Dα

u )k1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv+

(−1)k1+k2

∫

Ω∗1×Ω∗2
Hk1,k2(u, v)

(
(Dα

u )k1f(u + x, v + y)(Dβ
v )k2

)
dudv.
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证 令

I1 =

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv,

I2 =

k1∑
i=1

(−1)i+k2

∫

∂Ω∗1×Ω∗2
|u|−αuHi,k2(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )k2

)
dv,

I3 =

k2∑
j=1

(−1)j+k1

∫

Ω∗1×∂Ω∗2
Hk1,j(u, v)du

(
(Dα

u )k1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv,

I4 = (−1)k1+k2

∫

Ω∗1×Ω∗2
Hk1,k2(u, v)

(
(Dα

u )k1f(u + x, v + y)(Dβ
v )k2

)
dudv.

对任意(x, y) ∈ Ω1 × Ω2, 由于(0 + x, 0 + y) ∈ Ω1 × Ω2, 因此(0, 0) ∈ Ω∗
1 × Ω∗

2 . 取δ1, δ2 > 0,
令Bδ1 = {u : |u| < δ1}, Bδ2 = {v : |v| < δ2}, 并满足Bδ1 ⊂ Ω∗

1 , Bδ2 ⊂ Ω∗
2 . 则由引理2.2和引

理2.3得
I4 = lim

δ1→0
δ2→0

(−1)k1+k2

∫

{Ω∗1 \Bδ1}×{Ω∗2 \Bδ2}
Hk1,k2(u, v)((Dα

u )k1f(u + x, v + y)(Dβ
v )k2)dvdu =

lim
δ1→0
δ2→0

(−1)k1+k2

∫

Ω∗2 \Bδ2

{
∫

Ω∗1 \Bδ1

Hk1,k2(u, v)|u|−αuDu((Dα
u )k1−1f(u + x, v + y)(Dβ

v )k2)du}dv =

lim
δ1→0
δ2→0

(−1)k1+k2

∫

Ω∗2 \Bδ2

{
∫

∂Ω∗1
|u|−αuHk1,k2(u, v)dσu((Dα

u )k1−1f(u + x, v + y)(Dβ
v )k2)}dv−

lim
δ1→0
δ2→0

(−1)k1+k2

∫

Ω∗2 \Bδ2

{
∫

∂Bδ1

|u|−αuHk1,k2(u, v)dσu((Dα
u )k1−1f(u + x, v + y)(Dβ

v )k2)}dv−

lim
δ1→0
δ2→0

(−1)k1+k2

∫

Ω∗2 \Bδ2

{
∫

Ω∗1 \Bδ1

Hk1−1,k2(u, v)((Dα
u )k1−1f(u + x, v + y)(Dβ

v )k2)du}dv =

I11 + I12 + I13;

I13 =

lim
δ1→0
δ2→0

(−1)(k1−1)+k2

∫

Ω∗2 \Bδ2

{
∫

∂Ω∗1
|u|−αuHk1−1,k2(u, v)dσu((Dα

u )k1−2f(u + x, v + y)(Dβ
v )k2)}dv−

lim
δ1→0
δ2→0

(−1)(k1−1)+k2

∫

Ω∗2 \Bδ2

{
∫

∂Bδ1

|u|−αuHk1−1,k2(u, v)dσu((Dα
u )k1−2f(u + x, v + y)(Dβ

v )k2)}dv−

lim
δ1→0
δ2→0

(−1)(k1−1)+k2

∫

Ω∗2 \Bδ2

{
∫

Ω∗1 \Bδ1

Hk1−2,k2(u, v)((Dα
u )k1−2f(u + x, v + y)(Dβ

v )k2)du}dv =

I21 + I22 + I23;

· · · ;

I(k1−1)3 = lim
δ1→0
δ2→0

(−1)1+k2

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αuH1,k2(u, v)dσuf(u + x, v + y)(Dβ

v )k2

}
dv−

lim
δ1→0
δ2→0

(−1)1+k2

∫

Ω∗2 \Bδ2

{ ∫

∂Bδ1

|u|−αuH1,k2(u, v)dσuf(u + x, v + y)(Dβ
v )k2

}
dv−

lim
δ1→0
δ2→0

(−1)1+k2

∫

Ω∗2 \Bδ2

{ ∫

Ω∗1 \Bδ1

(|u|−αuH1,k2(u, v)Du)f(u + x, v + y)(Dβ
v )k2

}
dv =

Ik11 + Ik12 + Ik13.
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由定理3.1得Ik13 = 0, 因此
I4 =

lim
δ1→0
δ2→0

k1∑
i=1

(−1)i(−1)k2

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αuHi,k2(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )k2

)}
dv−

lim
δ1→0
δ2→0

k1∑
i=1

(−1)i(−1)k2

∫

Ω∗2 \Bδ2

{ ∫

∂Bδ1

|u|−αuHi,k2(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )k2

)}
dv =

I5 − I6.

lim
δ1→0
δ2→0

(−1)k2

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αuHi,k2(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )k2

)}
dv =

lim
δ1→0
δ2→0

(−1)k2

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2Hi,k2(u, v)dv =

lim
δ1→0
δ2→0

(−1)k2

∫

Ω∗2 \Bδ2

{{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2−1Dv

}
×

|v|−βvHi,k2(u, v)dv =

lim
δ1→0
δ2→0

(−1)k2

∫

∂Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2−1dσv|v|−βvHi,k2(u, v)−

lim
δ1→0
δ2→0

(−1)k2

∫

∂Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2−1dσv|v|−βvHi,k2(u, v)−

lim
δ1→0
δ2→0

(−1)k2

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2−1Hi,k2−1(u, v)dv =

I14 + I15 + I16;

I16 = lim
δ1→0
δ2→0

(−1)k2−1

∫

∂Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2−2dσv|v|−βvHi,k2−1(u, v)−

lim
δ1→0
δ2→0

(−1)k2−1

∫

∂Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2−2dσv|v|−βvHi,k2−1(u, v)−

lim
δ1→0
δ2→0

(−1)k2−1

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k2−2Hi,k2−2(u, v)dv =

I24 + I25 + I26;
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· · · ;

I(k2−1)6 = (−1)1 lim
δ1→0
δ2→0

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
Dβ

v Hi,1(u, v)dv =

(−1)1 lim
δ1→0
δ2→0

∫

∂Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
dσv|v|−βvHi,1(u, v)−

(−1)1 lim
δ1→0
δ2→0

∫

∂Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
dσv|v|−βvHi,1(u, v)−

(−1)1 lim
δ1→0
δ2→0

∫

Ω∗2 \Bδ2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
Dv(|v|−βvHi,1(u, v))dv =

Ik24 + Ik25 + Ik26.

由定理3.1得Ik26 = 0, 因此

I5 = lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv−

lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Bδ2

|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv.

类似于上述证明可得

I6 = lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Bδ1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv−

lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Bδ1×∂Bδ2

|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv;

I2 = lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv−

lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Bδ2

|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv;

I3 = lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv−

lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Bδ1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv.
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记θ(x, y) = I1 − I2 − I3 + I4, 则
θ(x, y) =

lim
δ1→0
δ2→0

k1∑
i=1

k2∑
j=1

(−1)i+j

∫

∂Bδ1×∂Bδ2

|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv×

|v|−βv =

lim
δ1→0
δ2→0

k1∑
i=2

k2∑
j=2

(−1)i+j

∫

∂Bδ1×∂Bδ2

|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv×

|v|−βv+

lim
δ1→0
δ2→0

k2∑
j=2

(−1)j+1

∫

∂Bδ1×∂Bδ2

|u|−αuH1,j(u, v)dσuf(u + x, v + y)(Dβ
v )j−1dσv|v|−βv+

lim
δ1→0
δ2→0

k1∑
i=2

(−1)i+1

∫

∂Bδ1×∂Bδ2

|u|−αuHi,1(u, v)dσu(Dα
u )i−1f(u + x, v + y)dσv|v|−βv+

lim
δ1→0
δ2→0

∫

∂Bδ1×∂Bδ2

|u|−αuH1,1(u, v)dσuf(u + x, v + y)dσv|v|−βv =

θ1(x, y) + θ2(x, y) + θ3(x, y) + θ4(x, y).

θ4(x, y) = lim
δ1→0
δ2→0

∫

∂Bδ1×∂Bδ2

1

ωn|u|n−αωm|v|m−β
|u|−αudσuf(u + x, v + y)dσv|v|−βv =

lim
δ1→0
δ2→0

∫

∂Bδ1×∂Bδ2

1

ωn|u|n u
u

|u|dSuf(u + x, v + y)dSv
1

ωm|v|m
v

|v|v =

lim
δ1→0
δ2→0

∫

∂Bδ1×∂Bδ2

(− 1

ωnδn−1
1

)
dSuf(u + x, v + y)dSv

(− 1

ωmδm−1
2

)
=

1

ωnδn−1
1

1

ωmδm−1
2

lim
δ1→0
δ2→0

∫

∂Bδ1×∂Bδ2

dSuf(u + x, v + y)dSv =

f(x, y).

由定理3.3得(Dα
u )if(u + x, v + y)(Dβ

v )j在Ω∗
1 × Ω∗

2上是有界的, 则
|(Dα

u )if(u + x, v + y)(Dβ
v )j | ≤ M,

其中2 ≤ i ≤ k1(2 ≤ j ≤ k2), 因此

|θ1(x, y)| ≤ lim
δ1→0
δ2→0

M

k1∑
i=2

k2∑
j=2

∫

∂Bδ1×∂Bδ2

|Hi,j(u, v)||u|1−α|dσu||dσv||v|1−β =

lim
δ1→0
δ2→0

M

k1∑
i=2

k2∑
j=2

∫

∂Bδ1×∂Bδ2

|u|(i−1)α−n+1||v|(j−1)β−m+1|dσu||dσv| ≤

lim
δ1→0
δ2→0

k1∑
i=2

k2∑
j=2

M2AiBjδ
(i−1)α
1 δ

(j−1)β
2 = 0.
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|θ2(x, y)| =
∣∣∣∣ lim

δ1→0
δ2→0

k2∑
j=2

(−1)j

∫

∂Bδ1×∂Bδ2

Bj

ωnδn−1
1 |v|m−jβ

dSu(f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv

∣∣∣∣ =

∣∣∣∣ lim
δ1→0
δ2→0

k2∑
j=2

(−1)j

∫

∂Bδ2

{ ∫

∂Bδ1

1

ωnδn−1
dSu(f(u + x, v + y)(Dβ

v )j−1)

}
dσv

Bj

|v|m−jβ
|v|−βv

∣∣∣∣ =

∣∣∣∣ lim
δ1→0
δ2→0

k2∑
j=2

(−1)j

∫

∂Bδ2

(f(x, v + y)(Dβ
v )j−1)dσv

Bj

|v|m−jβ
|v|−βv

∣∣∣∣ ≤

lim
δ1→0
δ2→0

M

k2∑
j=2

∫

∂Bδ2

|dσv|
∣∣∣∣

Bj

|v|m−jβ

∣∣∣∣|v|1−β =

lim
δ1→0
δ2→0

k2∑
j=2

MBjδ
(j−1)β
2 = 0.

类似于θ2(x, y)的证明可得θ3(x, y) = 0, 因此θ(x, y) = f(x, y).
推推推论论论4.2 (Cauchy-Pompeiu公式) 若f(x, y) ∈ F

(r)

Ω1×Ω2
, 其中r ≥ 2k, n ≥ k, m ≥ k, 0 <

α, β <
1
k

, 则对任意(x, y) ∈ Ω1 × Ω2, 都有

f(x, y) =

k∑
i=1

k∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv−

k∑
i=1

(−1)i+k

∫

∂Ω∗1×Ω∗2
|u|−αuHi,k(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )k)

dv−

k∑
j=1

(−1)j+k

∫

Ω∗1×∂Ω∗2
Hk,j(u, v)

(
(Dα

u )kf(u + x, v + y)(Dβ
v )j−1)dσv|v|−βvdu+

∫

Ω∗1×Ω∗2
Hk,k(u, v)

(
(Dα

u )kf(u + x, v + y)(Dβ
v )k)

dudv.

定定定理理理4.3 (Cauchy积分公式) 若f(u + x, v + y)在Ω∗
1 ×Ω∗

2中是一个加双权的双k-正则函数,

且f(x, y) ∈ F
(r)

Ω1×Ω2
, 其中r ≥ 2k, n ≥ k, m ≥ k, 0 < α, β <

1
k

, 则对任意(x, y) ∈ Ω1 × Ω2, 都有
f(x, y) =

k∑

i=1

k∑

j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2

|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1

)
dσv|v|−βv.

证 若(x, y) ∈ Ω1 × Ω2, 则f(u + x, v + y)在Ω∗
1 × Ω∗

2中是一个加双权的双k-正则函数, 因

此

{
(Dα

u )kf(u + x, v + y) = 0,

f(u + x, v + y)(Dα
v )k = 0,

再由推论4.2可得此结论.

定定定理理理4.4 (Cauchy积分定理) 若f(u + x, v + y)在Ω∗
1 × Ω∗

2中是一个加双权的双k-正则函

数, 且f(x, y) ∈ F
(r)

Ω1×Ω2
, 其中r ≥ 2k, n ≥ k, m ≥ k, 0 < α, β <

1
k

, 则对任意的(x, y) ∈
{
Rn ×Rm

}\{Ω1 × Ω2

}
, 都有

k∑
i=1

k∑
j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv = 0.
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证 根据引理2.2可得
(−1)k(−1)k

∫

Ω∗1×Ω∗2
Hk,k(u, v)

(
(Dα

u )kf(u + x, v + y)(Dβ
v )k)

dvdu =

(−1)k(−1)k

∫

Ω∗2

{ ∫

Ω∗1
Hk,k(u, v)|u|−αuDu

(
(Dα

u )k−1f(u + x, v + y)(Dβ
v )k)

du

}
dv =

(−1)k(−1)k

∫

Ω∗2

{ ∫

∂Ω∗1
Hk,k(u, v)|u|−αudσu

(
(Dα

u )k−1f(u + x, v + y)(Dβ
v )k)}

dv−

(−1)k(−1)k

∫

Ω∗2

{ ∫

Ω∗1
Hk−1,k(u, v)

(
(Dα

u )k−1f(u + x, v + y)(Dβ
v )k)

du

}
dv =

(−1)k(−1)k

∫

Ω∗2

{ ∫

∂Ω∗1
Hk,k(u, v)|u|−αudσu

(
(Dα

u )k−1f(u + x, v + y)(Dβ
v )k)}

dv+

(−1)k(−1)k−1

∫

Ω∗2

{ ∫

Ω∗1
Hk−1,k(u, v)

(
(Dα

u )k−1f(u + x, v + y)(Dβ
v )k)

du

}
dv =

(−1)k(−1)k

∫

Ω∗2

{ ∫

∂Ω∗1
Hk,k(u, v)|u|−αudσu

(
(Dα

u )k−1f(u + x, v + y)(Dβ
v )k)}

dv+

(−1)k(−1)k−1

∫

Ω∗2

{ ∫

∂Ω∗1
Hk−1,k(u, v)|u|−αudσu

(
(Dα

u )k−2f(u + x, v + y)(Dβ
v )k)}

dv+

(−1)k(−1)k−2

∫

Ω∗2

{ ∫

Ω∗1
Hk−2,k(u, v)

(
(Dα

u )k−2f(u + x, v + y)(Dβ
v )k)

du

}
dv =

· · · =
k∑

i=1

(−1)i(−1)k

∫

Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )kHi,k(u, v)dv =

k∑
i=1

(−1)i(−1)k

∫

Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−1DvHi,k(u, v)|v|−βvdv =

k∑
i=1

(−1)i(−1)k

∫

∂Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−1dσvHi,k(u, v)|v|−βv−

k∑
i=1

(−1)i(−1)k

∫

Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−1Hi,k−1(u, v)dv =

k∑
i=1

(−1)i(−1)k

∫

∂Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−1dσvHi,k(u, v)|v|−βv+

k∑
i=1

(−1)i(−1)k−1

∫

Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−1Hi,k−1(u, v)dv =

k∑
i=1

(−1)i(−1)k

∫

∂Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−1dσvHi,k(u, v)|v|−βv+

k∑
i=1

(−1)i(−1)k−1

∫

∂Ω∗2

{ ∫

∂Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−2dσvHi,k−1(u, v)|v|−βv+

k∑
i=1

(−1)i(−1)k−2

∫

Ω∗2

{ ∫

Ω∗1
|u|−αudσu(Dα

u )i−1f(u + x, v + y)

}
(Dβ

v )k−2Hi,k−2(u, v)dv =

· · · =
k∑

i=1

k∑
j=1

(−1)i(−1)j

∫

∂Ω∗1×∂Ω∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv.
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因为f(u+x, v+y)在Ω∗
1×Ω∗

2中是一个加双权的双k-正则函数,则(Dα
u )kf(u+x, v+y)(Dβ

v )k = 0,
k∑

i=1

k∑

j=1

(−1)i+j

∫

∂Ω∗1×∂Ω∗2

Hi,j(u, v)|u|−αudσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1

)
dσv|v|−βv = 0.

定定定理理理4.5 (平均值定理) 若f(x, y)为Ω∗
1 × Ω∗

2 中的加双权的双k-正则函数. 对任意(x, y) ∈
Ω1 × Ω2, 假定B1 = B(x, r1) ⊂ Ω1, B2 = B(x, r2) ⊂ Ω2, B∗

1 × B∗
2 = {(u, v)|u + x ∈ B1, x ∈

B1; v + y ∈ B2, y ∈ B2}, 0 < α, β <
1
k

, 则

f(x, y) =

k∑
i=1

k∑
j=1

(−1)i+j AiBj

r
n−(i−1)α
1 r

m−(j−1)β
2

{ ∫

B∗1×B∗2
(−n)

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j)|v|β+

(−m)|u|α(
(Dα

u )if(u + x, v + y)(Dβ
v )j−1) + mn

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)+

|u|α(
(Dα

u )if(u + x, v + y)(Dβ
v )j)|v|βdudv

}
.

证 根据定理4.3可得

f(x, y) =

k∑
i=1

k∑
j=1

(−1)i+j

∫

∂B∗1×∂B∗2
|u|−αuHi,j(u, v)dσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσv|v|−βv =

k∑
i=1

k∑
j=1

(−1)i+j AiBj

r
n−(i−1)α
1 r

m−(j−1)β
2

∫

∂B∗1×∂B∗2
udσu

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)dσvv.

令H(u + x, v + y) =
∫

∂B∗2
f(u + x, v + y)(Dβ

v )j−1dσvv, 则由引理2.2可得

f(x, y) =

k∑
i=1

k∑
j=1

(−1)i+j AiBj

r
n−(i−1)α
1 r

m−(j−1)β
2

∫

∂B∗1
udσu(Dα

u )i−1H(u + x, v + y) =

k∑
i=1

k∑
j=1

(−1)i+j AiBj

r
n−(i−1)α
1 r

m−(j−1)β
2

×
∫

B∗1
(uDu)(Dα

u )i−1H(u + x, v + y) + u
{
Du(Dα

u )i−1H(u + x, v + y)
}
du =

k∑
i=1

k∑
j=1

(−1)i+j AiBj

r
n−(i−1)α
1 r

m−(j−1)β
2

∫

B∗1
(−n)(Dα

u )i−1H(u + x, v + y) + |u|α(Dα
u )iH(u + x, v + y)du.

利用类似的方法, 可得

H(u + x, v + y) =
∫

B∗2

(−m)f(u + x, v + y)(Dβ
v )j−1 + f(u + x, v + y)(Dβ

v )j |v|βdv.

把H(u + x, v + y)代入可得

f(x, y) =

k∑
i=1

k∑
j=1

(−1)i+j AiBj

r
n−(i−1)α
1 r

m−(j−1)β
2

{ ∫

B∗1×B∗2
(−n)

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j)|v|β+

(−m)|u|α(
(Dα

u )if(u + x, v + y)(Dβ
v )j−1) + mn

(
(Dα

u )i−1f(u + x, v + y)(Dβ
v )j−1)+

|u|α(
(Dα

u )if(u + x, v + y)(Dβ
v )j)|v|βdudv

}
.
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The Cauchy integral formula for the bi-k-monogenic function with
bi-weight
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Abstract: Firstly, the definition of the bi-k-monogenic function with bi-weight in Clifford analysis

is given. Secondly, the kernel function of the bi-k-monogenic function with bi-weight is given and its

properties are studied. Then the Cauchy-Pompeiu formula, the Cauchy integral formula, the Cauchy

integral theorem and mean value theorem for the bi-k-monogenic function with bi-weight are proved.
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